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Abstract. Let [M, g) be an n-dimensional compact boundaryless Riemannian manifold with nonpositivc 
sectional curvature, then our conclusion is that we can give improved estimates for the L p norms of the 

2n 

restrictions of cigenfunctions to smooth submanifolds of dimension k, for p > when k = n — 1 and 

n — 1 

p > 2 when k < n — 2, compared to the general results of Burq, Gerard and Tzvetkov [2|- Earlier, Berard [T] 
gave the same improvement for the case when p = oo, for compact Riemannian manifolds without conjugate 
points for n = 2, or with nonpositive sectional curvature for n > 3 and k = n — 1. In this paper, we give the 
improved estimates for n = 2, the L p norms of the restrictions of eigenfunctions to geodesies. Our proof uses 
the fact that, the exponential map from any point in x G M is a universal covering map from R 2 T X M 
to M, which allows us to lift the calculations up to the universal cover (R 2 ,g), where g is the pullback of 
g via the exponential map. Then we prove the main estimates by using the Hadamard parametrix for the 
wave equation on (M?,g), the stationary phase estimates, and the fact that the principal coefficient of the 
Hadamard parametrix is bounded, by observations of Sogge and Zelditch in I16| . The improved estimates 
also work for n > 3, with p > ^ ■ We can then get the full result by interpolation. 

1. Introduction. 

Let [M, g) be a compact, smooth n-dimensional boundaryless Riemannian manifold with nonpositive 
sectional curvature. Denote A g the Laplace operator associated to the metric g, and d g (x,y) the geodesic 
distance between x and y associated with the metric g. We know that there exist A > and (f>\ € L 2 (M) such 
that — A g (f)\ — \ 2 4>\, and we call 4>\ an eigenfunction corresponding to the eigenvalue A. Let {ej(x)}j<^n 
be an L 2 (M)-orthonormal basis of eigenfunctions of W— A g , with eigenvalues {Ajj-jgN, and {Ej(x)}j^fn 
be the projections onto the j-th eigenspace, restricted to E, i.e. Ejf(x) — ej(x) J M ej(y)f(y)dy, for any 
/ G L 2 (M), x £ S. We may consider only the positive A's as we are interested in the asymptotic behavior 
of the eigenfunction projections. Our main Theorem is the following. 

Theorem 1.1. Let (M,g) be a compact smooth n-dimensional boundaryless Riemannian manifold with non- 
positive curvature, and S be an k-dimensional smooth submanifold on M . Let {Ej(x)}j£fi be the projections 
onto the j-th eigenspace, restricted to E. Given any f € L 2 (M), we have the following estimate: 
When k = n — 1, 



A 5 (p) In 
(1-1) II E E 3 f\\ LP(j:) <—— I \\f\\ LHM) , VP>— V 



When k < n — 2, 



(1-2) II £ EjfWisV) < 7T-7 tII/IMm), Vp>2, 

|A 3 -A|<(lo g A)-i ( l0 S A ) 5 

where 5(p) = - K 

Note that we may assume that (M, g) is also simply connected in the proof. 
The following corollary is an immediate consequence of this theorem. 
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Corollary 1.2. Let (M,g) be a compact smooth n- dimensional boundaryless Riemannian manifold with 
nonpositive curvature, and E be an k-dimensional smooth submanifold on M . For any eigenfunction <j)\ of 
A g s.t. —A g (p\ = X 2 (f>\, we have the following estimate: 
When k = n — 1, 

(!-3) \\<l>\\\ L* (T;)< ~ -rr\\(t>x\\L^(M), Vp> r; 

(log A) 2 n — 1 

When k < n — 2, 

\S(p) 

(1-4) II0a||lp(e) < -ttUxWl^m), Vp>2, 

(log A) 2 

where S(p) = - |- 

In [9], Reznikov achieved weaker estimates for hyperbolic surfaces, which inspired this current line of 
research. In [2], Theorem 3, Burq, Gerard and Tzvetkov showed that given any fc-dimensional submanifold 

2n 

E of an n-dimensional compact boundaryless manifold M , for any p > when k = n — 1 and for any 

n — 1 

p > 2 when k < n — 2, one has 

(1-5) UxWlH*) Z * 5{p) \\0x\\lhm } , 

while for p — — when k = n — 1 and for p — 2 when k — n — 2 one has 

(1-6) II4>a|U» ( e) <A*W(logA)4||0 A ||£»(AO- 

Later on, Hu improved the result at one end point in [7], so that one has ()1.5|) for p — when k = n— 1. 
It is very possible that one can also improve the result at the other end point, where p = 2, k = n — 2, so 
that we also have (|1.5[) there. Our Theorem 14.11 gives an improvement for (jl.5l) of (log A) ~ 2 for p > 2 for 
certain small fc's (See the remark after Theorem 14. ip . 

Note that their proof of Theorem 3 in [2] indicates that for any / <E L 2 (M), 

(1-7) II £ E 3 f\\ LP{s) <X s ^\\f\\ L2{M) , 

I — A I < 1 

2n 1 

for any p > when k — n — 1 and p > 2 when k < n — 2 except that there is an extra (log A) 2 on 

n — 1 

the right hand side when p = 2 and k = n . — 2. In the proof, they constructed x.\ = x(\/~ A g — A) from 
L 2 (M) to £ P (E), where x G 5(R) such that x(0) = 1, and showed that x\(x\)* is an operator from L P (E) 
to L p (E) with norm 0(A 2l5( - p )). That means, there exists at least an e > such that 

(1-8) II £ ^/||l p(S )<A^||/|| L 2 (m) . 

Aj-A|<e 

The reason why (|1.8j) is true can be seen in this way. Considering the dual form of 
(1-9) llx(A - a /=A7)/|Up (s) <A^)||/|| L 2 (m) , 

which says 

(1-10) ||£x(A-A,-)^ll^(M)<A^||5lU nS ), 



where E 1 * is the conjugate operator of Ej such that E*g(x) = ej{x) J E ej(y)g(y)dy, for any 3 £ £ 2 (E) and 
x £ M. There exists an e > such that x(t) > \ when \t\ < e because we assumed that x(0) = 1- Therefore, 
the square of the left hand side of (|1.10j) is 

(1.11) £ llx(A-A,)£* 3 ||i 2(A/) + £ llx(A-A,)£;; ff ||i 2(M) >i £ l|s;<?ll 2 L 2 (M) . 

|A-Aj|<e |A-Aj|>e |A-Aj|<£ 
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That means 

(1-12) II E ^fflU 2 (A/)<A 5(p) ||ff||L P(S ), 

\X—Xj\<e 



which is the dual version of 

If we divide the interval (A — 1, A+l) into ^ sub- intervals whose lengths are 2e, and apply the last estimate 
| times, we get (|1.7[) . Thinking in this way, our estimates (ll.ip and (ll.2[) are equivalent to the estimates for 

II X! •E'jIU 2 (M)^Lp(S), 

for some number e > 0, which is equivalent to estimating 



(1-14) \\X(T(X- v /= A;))II^(M)^(e), 

for T w log" 1 A. 

The estimates (|1.5|) and (|1.6[) are sharp when 

1. fc < n — 2, M is the standard sphere E> n and £ is any submanifold of dimension k; or 

2n 

2. k = n — 1 and 2 < p < , M is the standard sphere §™ and £ is any hypersurface containing a 

71—1 

piece of geodesic. 

It is natural to try to improve it on Riemannian manifolds with nonpositive curvature. Recently, Soggc 
and Zelditch in |16] showed that for any 2-dimensional compact boundaryless Riemannian manifold with 
nonpositive curvature one has 

(1-15) sup ||</>a||lp( 7 )/||0a|U 2 (A7) = o(A3), for2<p<4, 

ten 

where 77 denotes the space of all unit-length geodesies in M. (|1.7[) is sharp for any compact manifolds, in 
the sense that we fix the scale of the spectral projection (See proof in [2]). If we are allowed to consider a 
smaller scale of spectral projection, then our theorem 11.11 is an improvement of ^/TogX for (jl.7j) . with the 
extra assumption that M has nonpositive curvature. The corollary is an improvement of (|1.5j) . Note that 
(jl.3j) and (|1.15j) improve (jl.5j) for the whole range of p in dimension 2 except for p = 4. 

Theorem 11.11 is related to certain L p -estimates for eigenfunctions. For example, for 2-dimensional Rie- 
mannian manifolds, Sogge showed in |13j that 

(1-16) \\<t>x\\L P (M)/\\<t>x\\mM) =o(A^-i>) 

for some 2 < p < 6 if and only if 

(1-17) Sup ||^A||i2( 7 )/||0x||i2(M) = o(A*). 

7677 

This indicates relations between the restriction theorem and the L p -estimates for eigenfunctions in [10] by 
Sogge, which showed that for any compact Riemannian manifold of dimension n, one has 

(1-18) II0a||lp ( a7) < A^ ( 5-^||</) A || i2(M) , for2<p<^±i), 

and 

(1.19) MxWlpm < A" ( ^- ) -*||0a||l 2( a7), for <p<co. 

There have been several results showing that (|1.19j) can be improved for p > — — (see [14] and [15] ) 

to bounds of the form ||^A|Up(M)/||<^A|U 2 (7vf) = o(A"^ 2 ~^~ 2 ) for fixed p > 6. Recently, Hassell and Tacey 
[5], following Berard's [T] estimate for p — oo, showed that for fixed p > 6, this ratio is 0(A n( - 2 _ ~p^~ 2 / ^log A) 
on Riemannian manifolds with constant negative curvature, which inspired our work. 
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2. Set up of the proof of the improved restriction theorem. 

Let us first analyze the situation for any dimension n, which we will use in Section 4. 

Take a real-valued multiplier operator \ e 5(M) such that x(0) = 1, and \{t) = if \t\ > \. Let p = x 2 , 
then p(t) = if \t\ > 1. Here, x is the Fourier Transform of %. Same notations in the following. 

For some number T, which will be determined later, and is approximately log A, we have x(T(A — 
y/— Ag))ip\ = fx- The theorem is proved if we can show that for any / <G L 2 (M), 

(2.i) \ ]x * fll <J^L m 

(log A) 2 

where \ T = X( T (X - \Z~ A g)) is an operator from L 2 {M) to L p (£). 
This is equivalent to for any g e LP (£), 

x x X 2S{p) 
(2-2) llXr(Xr) £ NL»>'(e), 

where p' is the conjugate number of p such that i + ^ = 1. and (Xt)* i s trie conjugate of Xtj which maps 
£P'(£) into L 2 (M). 

If {ej(x)}j e w is an L 2 {M) orthonormal basis of eigenfunctions of — A g , with eigenvalues {AjjjgN, 
and {Ej(x)}j e fi is the projections onto the j-th eigenspace restricted to E, then 7|s = J2j en Ej, ano - 
y^A^ls = X J£N XjEj. If we set = p(T(X - : L 2 (M) -> L P (S), then the kernel of Xt(*t)* is 

the kernel of pj,, which is restricted to E x S. That can be seen from 

(2-3) 7^m = ^2x{T(X-\ j ))e j (x) [ e j (y)f(y)dy, V/ei 2 (M), 

and 



(2.4) (Xt)*9(x) - E^( T ( A - X i)) e i( x ) I eM9(y)dy, V. 9 e £ p '(£). 
Therefore, 

Xt(Xt)*5W- X! x(T(A-A i ))x(T(A-A,))e j (a ; ) f e J (y)e l (y) f e l {z)g{z)dzdy 

(2.5) =J2x(T(X-X 3 )) 2 e,(x) f e 3 (z)g(z)dz 

= Y J P{T{X-X j ))e j {x) f e 3 (z)g(z)dz. 



On the other hand, 



jew 

= T—f 1 pity^-^Ejdt 

(2-6) =E^/ T /(|)^- AJ) ^ 
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Here, p{T(X + A fl )) is an operator whose kernel is 0(\~ N ), for any N G N, so that we only have to 
estimate the first term. We are not going to emphasize the restriction to S until we get to the point when 
we take the LP norm on E. 

Denote the kernel of cos(f Ak /— A g ) as cos(i-y/— A s )(x, y), for x. y G M , then Vg G LP (E), 



i r r T 



(2.7) x ^y g{x)= p{-)cos{t^A g )(x 1 y)e^g(y)dtdy + 0{l). 
Take the L P (S) norm on both sides, 

(2.8) ||x£(x r )*<7|U*( S ) < | J^J T J{^)cos{t^K- a )(x 1 y)e^g(y)dtd y \ p dx) 1 / p + 0(l). 
We are going to use Young's inequality (see [H]), with £ = 1 — [(1 — i) — i] = -, and 

(2.9) K (x,y) = -^ l^p(^)(costy/^A~ g )(x,y))e itX dt. 

Denote if as the operator with the kernel K (x, ?/) from now onQ 
Since if (x, j/) is symmetric in x and y, once we have 



(2.10) sup||if(x, 



< 



ies log A 

where r = p/2, then by Young's inequality, the theorem is proved. 

We can use the same argument as in [IB] to lift the manifold to M™. As stated in Theorem IV. 1.3 in 
[5], for (M,g) has non-positive curvature, considering x to be a fixed point on E, there exists a universal 
covering map p = exp x : R" — > M. In this way, (M,g) is lifted to (M n ,<7), with the metric g = (exp x )*g 
being the pullback of g via exp^. g is a complete Riemannian metric on R™. Define an automorphism for 
(R n , c/), a : M" — > M", to be a deck transformation if 

po a = p, 

when we shall write a <E Aut(p). If x G M n and a G Aut(p), let us call a(x) the translate of x by a, then we 
call a simply connected set D C R™ a fundamental domain of our universal covering p if every point in K™ 
is the translate of exactly one point in D. We can then think of our submanifold S both as one in {M,g) 
and one in the fundamental domain which is of the same form. Likewise, a function fix) in M is uniquely 
identified by one /d(x) on D if we set /d(x) = /(x), where x is the unique point in D n p _1 (x). Using 
we can define a "periodic extension", /, of / to W 1 by defining f(y) to be equal to Jd(x) if x = y modulo 
Aut(p), i.e. if (x,a) G D X Aut(p) are the unique pair so that y = a(x). 

In this setting, we shall exploit the relationship between solutions of the wave equation on (M, g) of the 
form 



(2.11) 

and certain ones on (M. n ,g) 
(2.12) 



(<9 t 2 - A g )u(t, x) = 0, (t, x) G K+ x M 
u(0, • ) = /, d t u(0, ■ ) = 0, 



(<9 t 2 - A 5 )u(i, x) = 0, (t, i)£l+x 
u(0, • ) = /, d t u(0, .) = 0. 



If (/(x),0) is the Cauchy data in (|2.11l) and (/(x),0) is the periodic extension to (M. n ,g), then the solution 
u(t, x) to (|2. 12|) must be a periodic function of x since g is the pullback of g via p and po a — p. As a result, 
we have that the solution to (12.11[) must satisfy u(t, x) = u(t, x) if x G D and p(x) = x. Thus, periodic 



^Thc definition of K(x,y) may be changed in this paper, but we always call K the corresponding operator with the kernel 
K(x,y). 
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solutions to (|2.12|) correspond uniquely to solutions of p. lip . Note that u(t,x) — (cos(i yj— A 9 )/) (x) is the 
solution of (|2.1ip . so that 

(2.13) cos(tV C A^)(a: J »)= £ cos(t^/^)(x,a(y)), 

a£Aut(p) 

if x and y are the unique points in D for which p(x) — x and p(y) = y. 

3. Proof of the improved restriction theorem, for n = 2. 

While we can prove Theorem 11.11 for any dimension n, we will prove the case when n = 2 first separately, 
as it is the simplest case, and does not involve interpolation or various sub-dimensions. Here is what it says. 

Theorem 3.1. Let (M,g) be a compact smooth boudaryless Riemannian surface with nonpositive curvature, 
and 7 be a smooth curve with finite length, then for any f e L 2 (M), we have the following estimate 

(3-1) II £ EjfW^w < -^r||/|U=(M), Vp>4. 

We will prove Theorem 13. II by the end of this section. By a partition of unity, we can assume that we fix 
x to be the mid-point of 7, and parametrize 7 by its arc length centered at x so that 

(3.2) 7 = 7[-l,l] and 7(0) = x, 

and we may assume that the geodesic distance between any x and y G 7 is comparable to the arc length 
between them on 7. 

We need to estimate the L r (^) norm of 

T 4_ r T 

UX dt. 



(3.3) f p(^)(co S t^A~ g )(x, y y tx dt= Yl I K^)(^st^A'g)(x,a(y)) 

We should have the following estimates 



Up to an error of 0(A _1 ) exp(0(dg(x, y))) + 0(e dT ) or 0(A _1 ) exp(0(dg(x, a(jj)))) + 0(e dT ) respectively, 

(3.4) J ^p(^){costy/^A^)(x,y)e ux dt = 0(\) when d~ g (x,y) < j, 

(3.5) y'^p(i)( C osty^) (£ ^ )e «A d< = 0(( _A_ ) i/2 ) when ^ ( i ; y)>I, 

(3-6) a? Id, [ T p(k(cost^A^)(x,a(y))e ux dt = 0(( A )*) 

J-t T dg{x,a(y)) 

To prove the above estimates, we need the following lemma. 
Lemma 3.2. Assume that w(x, x') is a smooth function from M. n x K n to M. n , and O £ S n_1 , then 

±i\w(x,x )| 

~ \w(x,x' 



(3.7) / e ™^')' e de = v^"" 1 Y * ',^1 + 0(\w(x, x'T^ 1 - 1 ), 
Js™- 1 L \w(x,x')\ 2 



when \w(x, x')\ > 1. 

The proof can be found in Chapter 1 in |11) . 

Let us return to estimating the kernel K(x,y). Applying the Hadamard Parametrix, 
(3.8) 

co8(tV=A7)(S,«(i/)) = WO t ,a S y)) T, I e i *( £ ' a ®>« ± «l«l^+£^(5,a(y))^(t,d fl (x ) a(y)))+ii JV (t^,a 
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where |<fr(x, a(y))\ — dg(x,a(y)), £ v ,v — 1,2,3,... are defined recursively by 2£ v (t,r) = —t f* £„-i(s,r)ds, 
where £o(t,x) = (27r) _n J* Hn e lx '^ cos(t\£\)d^, and w v (x,a(y)) equals some constant times u u (x,a(y)) that 
satisfies: 

\u Q (x,a(y)) = Q-^(a(y)) 

1 u u +i(x,a(y)) = Q(a(y)) J s v <d^(x s )A g u„(x,Xs)ds, v > 0. 



(3.9) 



where Q(a(y)) = (det gij{ot(y))) 5 , and (^s)se[o,il i s the minimizing geodesic from x to u(y) parametrized 
proportionally to arc length, (see [1] and [16] ) 

First note that for N > n + §, by using the energy estimates (see [12] Theorem 3.1.5), one can show that 
|i?Ar(t, i, a(y))| = 0(e dt ), for some constant d > 0, so that it is small compared to the first N terms. 

Theorem 3.3. Given an n- dimensional compact Riemannian manifold (M,g) with nonpositve curvature, 
and let (R",<?) be the universal covering of(M,g). Then if N >n+%, in local coordinates, 



(3.10) { C ost^Eg)f{x) = J K N (t,x;y)f(y)dV g (y) + J R N (t,x;y)f(y)dV g (y), 
where 

N 

(3.11) K N (t, x: y) = w v (x, y)£ v (t, d g (x, y)), 
with the remainder kernel Rm satisfying 

(3.12) \R N (t,x-y))\=0(e dt ). 

for some number d > 0. 

This comes from Equation (42) in [1]. The proof can be found in pQ. 
By this theorem, 

(3.13) / \R N (t,x,a(y))\dt<C [ e dt dt = 0{e dT ). 

J-T Jo 

Moreover, for v = 1, 2, 3, we have the following estimate for £ v (t, r). 
Theorem 3.4. For v = 0, 1, 2, ... and £ v (t, r) defined above, we have 

(3.14) | J p{t)e ltx £ v (t,r)dt\ = 0(A"~ 1_21 '), A > 1 
Proof. Recall that 

(3.15) £ (t, r) = ^ J ^ e^^< cost|£K, 
so that 

p(ty tX £o(t,r)dt\ = \— i— / / p(t)e^ x± ^ +i ^Mdt\ 



(3.16) 



2(2tt)" 



< / |p(A + |f|)| + |p(A-|e|)|d£ 
= (^(A™^ 1 ). 



d£ v _ 

(3.17) / p{t)e itx £ v (t,r)dt = 0{X n - 1 - 2u ) 



By the definition of £ v such that = 4^-1 and integrate by parts, we get that for any ^ = 1,2, 3, 

at A 



□ 



"Since £v(t,x) is invariant under the same radius, we consider £v(t, x) = £u(t, \x\). 
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The following theorem has been shown by Berard in fjQ about the size of the coefficients Uk(x,y). 

Theorem 3.5. Let {M,g) be a compact n- dimensional Riemannian manifold and let a be its sectional 
curvature (hence, there is a number T such that — T 2 < a). Assume that either 

1. n = 2, and M does not have conjugate points; 
or 

2. —T 2 < a < 0; i.e. M has nonpositive sectional curvature. 

Let (R",g) be the universal covering of (M,g), and let u v , v — 0, 1,2, ... be defined by the relations (|3.9j) . 
then for any integers I and v 

(3.18) Alu„(x, y) = 0(eMO(d s (x, y)))). 

The proof can be found in pQ Appendix: Growth of the Functions Uk{x,y). 

Since w v {x, ct(y)) is a constant times u v (i, ct(y)), this theorem tells us that \wu(%, c*(y))\ = 0(exp(c u dg(x, a(j/)))), 
for some constant c„ depending on v. 

Moreover, denote that ip(t) = p(^), and ip is the inverse Fourier Transform of ip, we have "tp G S(U.) such 
that 

(3.19) \$(t)\ < T{l + T\t\)- N , foralliVeN. 
Therefore, 

N r T 



,,— i J — T 



(3.20) 



N 



= J2 OiTiTXT- 1 -^ exp(c„d s (x, a(y)))) 



V = l 

-m— 2 \ n — 3 



=0{T n - 2 \ n - A exp(C N d~ g (x, a(y)))), 

for some Cn depending on ci,C2, ...,cjv-i- 

All in all, taking n = 2, and disregarding the integral of the remainder kernel, 



(3.21) 



p(h co S (t^A^ g )(x, a{y))e ux dt\ 

-T 1 



I / t K±) M *£ m E e^m<±umei^ dm + (A-i ex P (C N d- g (x, a(y))))- 



On the other hand, wo(x,y) has a better estimate. By applying Giinther's Comparison Theorem [3], with 
the assumption of nonpositive curvature, we can show that \wo{x,y)\ = 0(1). The proof is given by Sogge 
and Zelditch in [IB] for n = 2. Let's see the case for any dimension n. In the geodesic polar coordinates we 
are using, iO, t > 0, O € S n_1 , for (R™,g), the metric g takes the form 

(3.22) ds 2 = dt 2 +A 2 (t,0)dQ 2 , 

where we may assume that A(t, 8) > for t > 0. Consequently, the volume element in these coordinates is 
given by 

(3.23) dV g (t, 6) = A(t, 6) dtdO, 

and by Giinther's [3] comparison theorem if the curvature of (M,g), which is the same as that of (M. n ,g) is 
nonpositive, we have 

(3.24) A{t,Q) > t n -\ 

where i n_1 is the volume element of the Euclidean space. While in geodesic normal coordinates about x, we 
have 

_ i 

w {x,y) = (det gij{y)) 4 , 
(see [I], [4] or §2.4 in [12]). If y has geodesic polar coordinates (t, O) about x, then t = dg(x,y), so that 
w (x, y) = y/t n ~ 1 /A(t,e) < 1. 



IMPROVED RESTRICTION ESTIMATES FOR NONPOSTIVE CURVATURE MANIFOLDS 



9 



Therefore, 

| W / e ^y)<^\+^p(^)dt^\ =| / e^C^K^A + |£|) + ^(A - 



(3.25) 



t_ 

2 J —T T 

< I Mx + \z\M + / M\-\t\M 



Note that i/>(A + = 0(T(1 + A + |£|) _Ar ), for any TV e N, so / R2 -0(A + can be arbitrarily small, 

while -0(A - = 0(T(l + T\X - for any JV G N, so that J R2 |^(A - |£|)K < T Jx-ik^kx+iO- + 

T\X - \£,\\)~ N dS, = 0(A), provided that A > 1. So 



T t 



(3.26) y ^ / 5(-)(cos< v ^A;)(i,y) e itA d<-0(A)+0(A- 1 exp(C7 J vdg(i,y))), 

disregarding the integral of the remainder kernel. 

However, this estimate can be improved when dg(x, y) > \. 
As we can see, the main term of 

(3.27) cos(*V=A^)(5, V) = E / e**^^**!^^ + E w »( £ > v) £ ^ d 5& $)) + £ > V) 
comes from the first term, and the corresponding term in J^ T p^){cost^f— Ag)(x, y)e ltx dt is bounded by 

/T p i pT poo p2tt • 

/ p{7fV^' m±im e ltx dtd^\ =C\ V / / / ,3(^)e ir *^> e±itr+it Vdidrd0|. 

Integrate with respect to i first, then the quantity above is bounded by a constant times 

p oo p2tt 

(3.29) V / / V^A ± r)e ir * (£ ' fi) - e rcWdr. 

± Jo Jo 

Because -ip(X ± r) < T(l + T\X ± r|) _JV for any TV > 0, the term with ^(A + r) in the sum is 0(1), while 
the other term with ^(A — r) is significant only when r is comparable to A, say, ciA < r < C2A for some 
constants C\ and C2. In this case, as we assumed that dg(x,y) > 4, we can also assume that dg(x,y) > ^. 

ByLemmaO e vw e d9 = V^\w\~ 1/2 E± e± ' ;H +0(|wr 3/2 ), > 1, where w = r$(x, y). Integrate 
up 0, the above quantity is then controlled by 

pc 2 X pc 2 \ 



[' $(\-r)\rd g (x,y)\- 1 / 2 e ±ird ^ 3: '®rdr + f* $(A - r)\rd g (x,y)\- 3 / 2 rdr\ 

_l_ J c\X J c\X 

(3.30) 



<d g {x,y)-^ 2 f 2 ^(X~r)r^ 2 dr + d g (x,yy 3 / 2 f 2 4>(X - r)r~ 1/2 dr 

•* ciA ^ ciA 

=^(i,y)- 1 /2 (A 1 /2 ) + 0( ^ (i; y ) -i ) 

=o(( 77 ^) 1 / 2 ) 

Note that these two equalities are still valid when ci and C2 are changed to and 00. 
Therefore, when dg(x,y) > j, 

(3. 31 ) ^X^I^HrVm^.oa^i). 

Now we have finished the estimates for a = Id. For a ^ Id, note that we can find a constant C p that is 
different from 0, depending on the universal covering, p, of the manifold M, such that 

(3.32) d g (x,a(y))>C p , 
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for all a £ Aut(p) different from Id. The constant C p comes from the fact that if we assume that the 
injectivity radius of M is greater than a number, say, 1, and that x is the center of some geodesic ball with 
radius one contained in M , then we can choose the fundamental domain D such that x is at least some 
distance, say, C p > 1, away from any translation of D, which we denote as ct(D), for any a G Aut(p) that 
is not identity. Therefore, we may use the estimates for dg(x,y) > j before, assuming A is larger than 
Use the Hadamard parametrix, (see |16|). similarly as before, estimating only the main term, 

T I 



(3.33) 



p{-){cost^Kl){x, a (y))e ltx dt\ 

<|(2tt)- 2 / f p^y^'^Hcos^lK^dil 
JR2 J_ t L 

/■27T />00 />T i 

/ / / e ir ^ £ ' a ^> @±itr+itx p(^)rdtdrdd\ 
± Jo Jo J-T T 

/>00 />2"7T 

< V / / l/.(A - r yrHiMv)>®±itr+it\ rdedr 
4. Jo Jo 



± 

/>oo />oo 

<^ / ^(A-r)|rdg(£,a(y))|-5 e 4r,/ ' (5; ' Qte)) - e±ltr+ltA rdr+ / $(A - a{y))\^rdr 
i Jo Jo 



=o(( * )*V 

V^(i,a(y)) j J 

Now we have shown all the estimates (I3.4[) . (|3.5|) . and (I3.6p . Totally, K(x,y) is 



where £7 = max{CAr, d} + 1. 

Note that, by the finite propagation speed of the wave operator 9^ — A^, dg(x, a(y)) < T in the support 
of cos(ty / — A g )(i, a(jj)). While M is a compact manifold with nonpositive curvature, the number of terms 
of a's such that dg(x,a(y)) < T is at most e cT 0, for some constant c depending on the curvature, by the 
Bishop Comparison Theorem (see [8 [16). 

We take the L r (^) norms of each individual terms first, then by the Minkowski's inequality, (a;, ■)lli r (7[-i,il) 
is bounded by the sum. Also note that we may consider the geodesic distance to be comparable to the arc 
length of the geodesic. 

The first term is simple, and it is controlled by a constant times 

(3.35) ^(-A-^JV^O^). 

Accounting in the number of terms of those a's, the second term is bounded by a constant times 

(3-36) e« ^.(^(i-jfidr)* = 0(e^). 



Therefore, 



(3.37) \\K(x, 0IUr( 7 [-i,i]) =0( — ) + °( e jr) + 0(— ^— ) 

=1 + 11 + III. 



"^The number of terms of a's such that dg(:r, a(y)) < T is also bounded below by e c T for some constant c' depending on 
the curvature of the manifold, according to Giinther and Bishop's Comparison Theorem in [8] (also see |16|). 
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p — 4 

Now take T — /31ogA, where /? < — — . (Note that we can assume that c ^ 0, otherwise, there is 

2(c + E)p 



only one a that we are considering, which is a = Id.) Then 

A p 
log A ' 



(3.38) 1 = 11 = 0(- — — ), 



and 



(3.39) 111 = 

Summing up, we get that 

\— 

(3-40) \\K{x,-)\\ L ^ m =0{—). 
Now apply Young's inequality, with r = we get that 

l— — 

V/ e i p '( 7 ), IIxt(xt)*/IU,(7) S (1 | gA " 11/11^(7)- 

Therefore, Theorem 13. II is proved. 

4. Higher dimensions, n > 3. 

Now we move on to the case for n > 3. While we want to show Theorem 11.11 for the full range of p 
directly, we can only show it under the condition that p > -^K using the same method as in the last section. 
Although we only need p = oo later to interpolate and get to the full version of Theorem 11.11 we will show 
the most as we can for the moment. 

Theorem 4.1. Let (M,g) be a compact smooth n- dimensional boudaryless Riemannian manifold with non- 
positive curvature, and E be an k-dimensional compact smooth submanifold on M, then for any f € L 2 (M), 
we have the following estimate 

(4-1) || £ E jf \ lLP{s) <£^ mLHM) , Vp>-^_ 

where 

(4-2) 6( P ) = ^--. 

2 p 

Remark 4.2. Note that although this estimate is not complete (that works for all p > 2) for general 
numbers k < n, we get the complete range of p > 2 when k and n satisfy < 2. That means that we get 
the improvement for all p > 2 when k = 1, n > 3; k = 2, n > 5; etc.. 

For n > 3, for the sake of using interpolation later, we need to insert a bump function^. Take ip g C^°(R) 
such that <p(t) = 1 when |f| < | and (f(t) = when \t\ > 1. Then we only have to consider the following 
kernefl 



(4-3) K(x,y) = —J ^l-^(t))p(-)(cost^A g )(x 7 y))e ltx dt, 

which is non-zero only when \t\ > \. In the following discussion, we may sometimes only show estimates for 
K(x, y) when t > ^, as the part for t < — h can be done similarly. 

The reason why we only consider the above kernel K(x, y) is because of the following lemma. 



4 We do not need the bump function if we simply want to prove Theorem 14.11 
^This kernel is different from the one in 1)2.90 . 
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Lemma 4.3. For ip G Cg°(R) such that tp(t) = 1 when \t\ < \ and tp(t) — when \t\ > 1. Let 



1 r 1 



(4.4) K(x,y) = — J^ip(t)p(-)( C ost^A g )(x,y)e ltA dt, 

then 

(4-5) sup||X(x,-)|| L , (s) — ). 

x lug A 

We will postpone the proof to the end of this section. 

Now we are ready to prove Theorem 14.11 which is essentially the same as the lower dimension case, and 
what we need to show is (|2.10p . By a partition of unity, we may choose some point i£S, and consider £ to 
be within a ball with geodesic radius 1 centered at x, and under the geodesic normal coordinates centered 
at x, parametrize £ as 

S = {(t, Q)\ y = cxp^e) es,ie [-1, l], 9 e S*" 1 } 

Applying the Hadamard Parametrix, for any a € Aut(p), 
(4-6) 

where |$(x,a(y))| = d g (x,a(y)), and E Vl v = 1,2,3,... are those described in Section 3. 
By Theorem 13.51 

(4.7) f \R N (t,x,a(y))\dt< [ e dt dt = 0{e dT ). 

J~T JO 

Moreover, by (j3~T4]) . for v = l,2, 3, 

(4.8) | ( T (1 - rttypdy^it, d- g (x, a{y)))dt\ = O^TX)^- 2 "). 



J-t T 

Since \w v (x, a(y))\ — 0(exp(c^d g (x,a(y)))) by [T], for some constant c v depending on 

N r T t 

]«;„(£, a(jj)) / (1 - V (t))p(-)e ltx £ u (t,d g (x,a(y)))dt\ 

v=\ J — T J 

(4.9) * 

= 0{T{TX) n - 1 -^ exp(c^ s (x,a(y)))) 

-0(T"- 2 A"- 3 exp(C N d g (x, a{y)))), 

for some Cn depending on c\,C2, ...,cjv-i- 

All in all, disregarding the integral of the remainder kernel, 

(4.10) | Jjl - cos(t^A~)(5, a{y))e ux dt\ 

On the other hand, |iuo(i,2/)| = 0(1) ( see HU) by applying Giinther's Comparison Theorem in [3], and 

for 

(4.H) |W / -T (l-^(t))e i *( 5 '«®)^ ±< ^l+^ / 3(|)rf^|, 

as we may assume as before that d g (x,a(y)) > \ by the stationary phase estimates in [TT] . 
Denote that ip(t) = (1 — (^(t))/5(4), and V> is the inverse Fourier Transform of ^. 



IMPROVED RESTRICTION ESTIMATES FOR NONPOSTIVE CURVATURE MANIFOLDS 



13 



Again we have, i>(X + |£|) = 0(T(1 + A + |£|) _Ar ), for any N € N, so J* K „ $(A + can be arbitrarily 

small, while $(A - = 0(T(1 + T|A - |£||) _JV ). 

Integrate (|4. 1 1[) with respect to £ first, then it is bounded by a constant times 



(4.12) V / / VKAirK^'^-^-^edr 



Because V>(A±r) < T(l + T|A±r|) _JV for any A > 0, the term with $(A + r) in the sum is O(l), while the 
other term with tp(X — r) is significant only when r is comparable to A, say, c\X < r < ciX for some constants 
ci and C2- In this case, as we assumed that dg(x,a(y)) > D, we can also assume that dg(x,a(y)) > - for 
large A. 

ByLemma[321 / s „_, e^^dG = v^'Vl"^ E± e^^'+OdH -2 * 1 ), |io| > 1, where w = r<$>{x,a{y)). 
Integrate up 8, the above quantity is then controlled by 

\J2[ 2 ^{^-r)\rd g (x,a(y))\~ s ^ 1 e ±trd ^ i: ^r n - 1 dr+ f' $(A - r)\rd- g {x, a(y))\- s 1rr n - 1 dr\ 

/■C2A rc%\ 

(4.13) 

<dg(x,y) 2 / ip(X — r)r 2 dr -\- dg(x 1 a(y)) 2 / ^(A — r)r 2 dr 

^f%(£,a(?;))' ) ^ 

Therefore, disregarding the integral of the remainder kernel, 
(4.14) 

(1 - v(t))p(h(costy/=A:)(x, a(y))e ltx dt = 0((-_ A—)^) + O^X^ exp(C N d g (x, a(y))))- 
-t T d-g(x,a{y)) 

Now K(x, y) is 

1 A -i p et 

where E = max{CV, d} + 1. 

Here we still have: the number of terms of a's such that dg(x, a(y)) < T is at most e cT , for some constant 
c depending on the curvature, and there exists a constant C p such that d g (x, a(y)) > C v for any a € Aut(p) 
different from identity. 

Now we take the L r (T,) norms of each individual terms. By (|3.32[) . and accounting in the number of terms 
of those a's, the first one is bounded by a constant times 

(4.16) f^(/V--V-^,i = 0(^> 



Therefore, 



(4 . 17) \\K(x, OIU^E) =0(— ) + 0(— ^— ) 

=7 + /J. 

n— 1 2fc j 

Now take T = 8 log A, where 5 = — 5 where 5 satisfies < 5 < 2=1 - — . Note that 

C + -E 2 P 

^± - 2* > when p > -^y. Then 

(4-!8) ^ = O(-r-T-) = 0( T-n ) = o " 



log A log A log A 
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and 

(4-19) II = 0(^—) = 0(—-—) = o( 



log A log A log A 

Summing up, we get that 

,„_l_a 

(4-20) \\K(x,.)\\ L rm=o( 



log A 

Now apply Young's inequality, with r — | , together with the estimate in Lemma 14.31 we have 



(4-21) V/ei/(E),|| X £.(x£)*/l|i»>(E) < 



A"" 1 " 



log A "■"l^'(s)- 
Therefore, Theorem 14. II is proved. 

proof of Lemma \4-.3\ With similar approaches as the previous discussions, we can show that K(x, y) is 

where E = ma,x{CN,d} + 1. 

Note that \t\ < 1 for ip(t) ^ 0, and the number of terms such that dg(x, a(y)) < 1 is at most e c , so that 

(4-23) ||^( a;) y)|| ir(E)= o(__) ) 

if we take T = log A and calculate as before. □ 

5. Proof of the main theorem in all dimensions. 

To show Theorem ll.il we need to use interpolation. Recall that 

1 /•' t 



K(x,y) =— I (1 - V {t))p(-){ C ost^Kg){x,y)Y tx dt 



ITT I rp T' 

(5A) i r t 



(l-^t))p(-)(e'W-^+e-^-^)(x,y)e^dt 



27tT./_t f 
is the kernel of the operator 

2^E ~ + E ^( A + x i) E i 

3 



(5-2) =^&{^-^)E j ]+0{l 



2ttT l 
j 

1 



; ^(a- a / = a;)+o(i), 



2ttT 

where ip(t) is the inverse Fourier transform of (1 — (p(t))p(^) so that \ip(t)\ < T(l + |t|) _Ar for any JVeN. 
We have the following estimate for ip(A — <J—A g ). 

Theorem 5.1. For k^n—2, 

(5.3) M\-P)g\\ L 2 { v) <TX 2S ^\\g\\ L2 ^ h for any g £ Z/ 2 (£), 
and for k = n — 2, 

(5.4) U(X~P)g\\ L ^ ) <TA 25 ( 2 )logA||<7|| L2(s) , for any g e L 2 (S), 
where P — ^/—A g . 
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Proof. Recall the proof of the corresponding restriction theorem in [2], they showed that for \ £ <S(R), and 
define 

(5-5) Xa = X ( v ^A;-A)=^x(A j -A) j B j -, 

3 

we have 

(5.6) \\xx\\LHM)^mz)=0(\ s ^), 
for k 7^ n — 2, and 

(5-7) ||xa||l 2( m)^( S ) - 0(A^(logA)^), 

for fc = n — 2. 

Now consider ?/>(A — P) as 55*, where 

(5-8) 5 = ^(1 + |A,-A|)- M £; J 

3 

and 

(5-9) S = ^(1 + |A, - A|) M ^(A, - A)£y, 

where M is some large number. 

Recall that |^(r)| < T(l + |t|) -JV for any N £ N, we then have 

(5-10) |(1 + |A j - A|) M ^(A j - A)| < T(l + |A 3 - A|)" w 

for any N . 

By (j 1-7(1 , which we deduced from the proof of Theorem 3 in [2] , for a given A, 
(5.H) || E 3\\v{M)^V) =0(\ s (% iffc^n-2 

A 3 e(A-l,A+l) 

and 

(5.12) || E 3\\l-{M)^{h) =0(A 5 ( 2 )(logA)^), iffc = n-2 

A J e(A-l,A+l) 

so that for any / £ L 2 (M), 

H^l + ^-Al-^/IU^) 

3 

<\\ EjfW^ + W E (l + lAi-Ar^./IU^ 

AjG(A-l,A+l) Aj0(A-<5,A+i) 

f A^||/|U 2 (M) + Ea j0 (a-i,a + i)(1 + l^j - AD-^H^/IU^e), if k ± n-2, 

\A^(logA)^||/|| i2(M) + £a^(a-i,a+i)(1 + \Xi A|)-^||^/|| L2(E) , if k = n- 2. 

As 

£ (l + ^-AD^H^/IU^) 

Aj£(A-l,A+l) 

'Ea^(a-i,a+D A ? 2) (! + l A i - A|)-^||^/IU=(M), if M "-2, 

.Ea^(A-i,a+i) Af '(log A.O^l + |A, - A|)- M ||^/|| L2(M) , if fc = n - 2, 

which can be made arbitrarily small when M is sufficiently large, 

U m \\f\\LHM), if M n-2, 



(5.13) 



< 



(5.14) 



< 



(5.15) H^i + ^.-AI-^/IU^j:) < 



\A 5 ( 2 )(logA)5||/|| i2(M) , if fc = „-2. 
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Similarly, we have 

(5 - 16) HE(1 + I^-A| )^- A ^^l^)^T^)(logA)l||/|U 2(M) , iffc = n-2. 

Therefore, 

||^(A-P) 5 |U 2(S) =||55* 5 |U 2(5]) 

<l|S'||L2( M) ^ L 2( S )||S'*|| L 2( S )^ i 2( M )||5r|| L 2( S ) 

( 5 - 17 ) =H'S'llL 2 (Af)^L2(S)||<S , || i 2( M )^ i 2( E )||g|| L 2( S ) 

fTA 2 *( 2 )|| 5 |U 2(E) , iffc^n-2, 
\TA 24 «logA||ff|| £ a (E) , iffc = n-2. 

□ 

Now we may finish the proof of Theorem 11.11 

Recall that we denote K as the operator whose kernel is K(x,y). The above theorem tells us that, 



< 



(5-18) II^IIl2 (SM l2 (s) < 

Interpolating this with 



JO(A 2<5 ( 2 )), forfc^n-2; 
1 0(A 25 ( 2 )logA), forfc = n-2. 



(5-19) |]^]U 1( E)^(E)=Q( e ~" ) 

or 

(5.20) ||^||L 1( E)^( S )-0(e cT A^ i ) 
respectively by Theorem 14. 11 we get that for any p and fc ^ n — 2, 



A ^(l-f) e cT(l-f) A 25(2).f AiT i_ i _i + l£B) eCT (l 



(5.21) l|^ll LP < (E) ^ P(S ) = 0( -^2 ) = 0( , 

T v T p 

and for fc = n — 2, 

A 2 p p e p 1 p A 2 p p e p . 



(5.22) ||^|| LP '( S) ^ P(S ) =0( — 1 ) = 0{ 

1 P IP 

Hk = n-l, then 5(2) = \. 
(5.23) 

°( -T-z )■ 

T p 

Since ^jj^ - < 2S(p) if p > say, - + <5 < 2<5(p) for some small number 6 > 0, then taking 
/3 = ^yzrry , and T = /3 log A, we have 

\25(p)-<5 \2«(p)-« \2<5(p) 

( 5 - 24 ) miw^w - 0{—^) = 0(— — T ) = o(— ), 

J p (log A) P i<J 6 A 



which indicates Theorem ll.il 
If k = n - 2, 

(1 _ f) iT I_ i _ i + feCT(1 _ |) 

(5.25) II*ILp' (SW lp( S ) =o( -m ) = 0( 



i_ p 1 p 
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Now since 2=1 - 2=1 + | < ( n - 1) - w hcn p > 2, wc can take S > such that li f i - I ^7 i + | + ^< 

(n - 1) - ^f^-, and take /3 = -^-^ , T = /3 log A, then 

\2%)-<S \25(p) 

(5-26) 1^1^^)=^^^)=°^ 

which is the what we need. 

If k < n - 3, (5(2) = 2=1 _ |, then 

(5.27) II^IL P '( S) ^ P(S ) = 0( ) = 0( 



Since 2=1 - 2=1 + 2(n-i)-2fc < ^ _ ^ _ ^ _ for p > 2; we can take 5 > such that 2=1 _ 2_i + 

2( "'p K2fc + <5 < (n- 1) - f , and take /3 = T = /31ogA, then 

A 25(p)-5 A 25(p) 

(5-28) 11*11^)^) = °(^T^) - °( toiX)' 

which finishes Theorem ll.il 
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